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FOREWORD

This study was conducted under the auspices of the Defense Mapping Agency in order

to develop formal techniques that have important application to the solution of propellant

management problems related to the selection of low-altitude earth satellite flight profiles.
These techniques should help fill the analytical vacuum currently associated with this aspect
of mission planning. This report was reviewed and approved by Dr. R. J. Anderle and Mr.

R. W. Hill.

Released by.

T. A. CLARE, Head

Strategic Systems Department
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INTRODUCTION

Several of the objectives to be satisfied by earth satellite mission planning analysis
are to predict propellant lifetimes and to understand the various propellant conservation
trade-offs that can be made available by adopting certain flight profiles. This aspect of mission
planning is often of special importance for low-altitude missions, where considerable amounts
of propellant are used for altitude maintenance thrusting to compensate for the effects of
atmospheric drag deceleration.

Two methods are generally employed to perform propellant consumption studies:

S1. The application of empirically derived propellant consumption rates

2. The utilization of analytic approaches based upon geopotential, drag, and discreet
thrusting models of varying complexity

Both of these methods are quite effective. However, the first is often limited by the lack of
* data describing the effects of varying satellite and orbital geometries, as well as by solar
. and atmospheric conditions. The second approach often tends to be inefficient and tedious to

use.

This paper presents an alternative (and perhaps more flexible) analytic development
for predicting the rate at which propellant is consumed for in-track drag compensation thrust-
ing for low-altitude earth satellites. The associated results can be effectively applied to pro-
pellant longevity analyses, especially to trade-off studies. The following sections discuss this
development in detail, starting with derivations of the propellant longevity and mass decre-
ment equations. These are then applied to spherically symmetric atmospheres that, under
certain assumptions, can provide analytically tractable results. Such results are useful for
comparison with those obtained from more complex cases under special limiting conditions.
The more realistic and complex case of propellant consumption in an oblate diurnal atmos-

phere is also considered. An analytic expression for the associated mass decrement equation is
derived and used in the following section to provide the reader with several illustrative nu-
inerical examples.

• U
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THE PROPELLANT LONGEVITY EQUATION

Consider an artificial earth satellite that has been inserted into an initial nominal
orbit at time to with a total weight of propellant AWT available for orbit initialization and

maintenance during its mission life. If the satellite were to operate in N different nominal
orbits during its mission life, each requiring the weight of propellant AWoA to achieve the
ith nominal orbit and using propellant at the rate Ri during the interval t i - t 1 while in the
i " ' nominal orbit, then the following expression may be written:

N f

AWr + F R dt- AWOA( = (1)1

ii-Note that AW0 A1 may result from orbital transfer thrusting, post-launch orbit initialization,
and de-orbit thrusting.

Assume now that the propellant consumption rates 6. can be separated into a radial
thrusting rate 6? , an in-track thrusting rate 6W, a cross-track thrusting rate a c , and a miscel-I I

laneous operational maintenance consumption rate 6oM then,

A0. = 6  + 61, + 6? + 6joM (2)I II I

and Equation (I becomes

.1W + + 6? + m dt+ 6?! dt - AW = 0 (3)

I- I i
iO~l

t ti-

The prime on the second summation in the last equation denotes that no propellant is user!
it natural drag decay is used to establish shorter period orbits and that the summation should
-1()t ncludle these natural decay intervals. The time bounds for such intervals are determined

-h e ,Ir,_ deca rates for those intervals.

lI1i, i . yert ik conccrned niv with the rate at which propellant is spent for in-track
.r tiTV!. Ihliw,, ttw t rin of Iquatio n (3) may he simplified hb defining

-* R I + AC" + AM M (it (4)i\ l . J, I it4

'II

" " " ' +"- " ""0 ° f
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so that

N :.7 ()

ti~AW-AW +dl i I 5T NIM OAL

It is simpler to express Equation (5) in terms of the propellant mass decrement Am (i.e..

the in-track propellant mass expenditure for one orbital revolution). As will be shown in the

following sections, this quantity is easily derivable for certain assumed conditions. This simpli-

fication is introduced through the following substitution:

J 6R' dt - g Ami. Ani (6)fj=l 
"

where the summation is taken over M groups of orbital revolutions in tile ith nominal orbit

An.. for which the mass decrement Am.. applies and g is the gravitational acceleration.

Equation (5) then assumes the completely discreet form

AWT - +NIM E g Am.. An.i- AW 0 (7)

This equation shall be referred to in the following sections as the propellant longevity equation

(PLE), since it can be used to compute the propellant life £ defined by

N M
An£ . T ij .+A£ (8)

=I j: 1I.'

where r.. is a nominal orbit period for An- orbital revolutions and A£ is the total time

spent during natural decay phases.

THE MASS DECREMENT EQUATION

Assume that an artificial earth satellite in a nominal orhit with scminiajor axis a and
eccentricity e is continuously experiencing atmospheric drag deceleration and is simultaneously

performing in-track microthrusting to offset the effects of drag decay so that lhc n.iomilal

-3

- -Z ! 2 ' . Z : . . 7 . " - 7 : 7 : £ . 2 2 : 2 Z Z : ".. . . .-. .Z . . , - .- . . . . .... . . - 7 -. - Z . Z ' -- 7 .- .. . ." . - . , -. , .
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orbit is maintained. Let dE be an infinitesimal orbital energy change induced by drag decay
D

* and dET be an infinitensimal energy change produced by the microthrusting. In order
that the nominal orbit be maintained, the following condition must be satisfied:

dE r  -dE (9)T D
The work done by the drag force (which is assumed to operate only in the direction

opposite the satellite velocity vector v ) in the infinitesimal time element dt is

ED CDAp lJv3 dt (10)dED 2 DI

where CD is the drag coefficient, A is the cross sectional area of the satellite in the
direction of motion, and p is the atmospheric density at the satellite's location. The 5 factor
accounts for the orbital orientation with respect to a rotating atmosphere and has the form

6 = [ Aw.) cosi (11)lv
where r and v are the radius and velocity of the satellite at perigee, respectively, we isp p

the earth's angular rotation rate, i is the orbital inclination, and A is the ratio of the atmos-
pheric to earth angular rotation rates. The work done by in-track microthrusting in the same
infinitesimal time element dt is

d = T I ldt (12)

or. alter applying the "rocket equation",

d F - g I II dm (13)

'A Ii.'r, I i' the thrust, I is the thruster specific impulse, and dm is the infinitesimal elementsp

,,t mmh the propellant expended during the thrust interval dt.

l;"e o lAluations (10) and (13) in Equation (9) allows the in-track propellant ex-
,mlidturc rate equation for drag deceleration offset to be written in terms of the satellite's

,rhtal and lr:L clharactcristics, as well as atmospheric and thruster properties:

4
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- i P - 14)

dt 1

The ii-track mass expenditure during one orbital revolution (i.e.. the mass dccr-ment) "-

obtained by integrating the last equation over one orbital period:

Cl A 8

Am I ' 12p dt 15)

It is convenient to change the independent variable from t to E, the eccentric anomaly.

This is done using the following relationships:

-. 2 (p(l+ecosE (6

and

dt =( (I - ecosE)dE 17)

Mhere p is the earth's gravitational constant. Using Equations (16) and (17) in Equation (15)

and making the upper integration bound consistent with the new independent variable gives

CD A 5 2 7

= - (pa)/ (I + ecosE)p dE (18)
Sp

li t,1rm11,11_' thil c\pr!ssiOl, it is assumed that i'I A, and I arc constant o\cr the rc o-

I ut 1n). hi,, c tli miton will he referred to hereafter as tilt mass decrement e(itatimi ( l)l1 I i.

lPROI1- LL \NT (ONSUMPTION IN SPHERI(..LLY SYMMI-ITRICAL

ATMOSPIILR [S

II ,; ' .p ;i.. ! ;-it\ r, .i~ssiti d t , b ' splcricall, sVtllil t' i'a Ilic,..; m l Ii. it ' ..
, ci r ,;1'ihll i tfa _t'l llit}, .+ lth om t i thclt ul l tm 111,1\ 1)c' Il. : . + i , l ,. + "

t, r - t'lwI !1-imh, !llmt i n iome ecntrl itfl'<)biidlt

.1
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CONSTANT DENSITY

This Subsection is concerned with the case where the atmospheric density is assumed
to be spherically symmetrical and constant with altitude above the surface of the earth. If

p =p 0  (19)

where p, is a constant, then Equation (18) becomes

2 7r

Ai C1) A6 p. (1 + ecosE)dE (20)

SP 0

or

irC D A 6
-i (pIa)' p.(1

This result may be readily applied to the PLE to give

N) ITL A 6 M-

L~T - WNIM -~ (gua.) p. F, An.. 0 (22
1=1 Sp ' j= 1

Futrther simplification may be introduced by restricting this application to orbits having the

same nominal orbital period (i.e., the same a), but different eccentricities. Since

ii sn.. 23)

j iid

11 1 i (24)

11 11, i* t~t:1 ii lmfuher oif orhital revoIlutions spent in thec N nominial orbits (exci tidini,

a ri i:I r::wflat ural d1ecay phases). then it is found that

6
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N
'AW ~WN I M AVO A I S

7r C 1)A tpi)" p,

'ocia~ted propcllant Iit'c L is obtained by' usin'_ F ilLItiO11S '3) thr1ough1 (25 ) anld tlir

+ A.C D(27)

ilij relilt ~NhStantiateS what one expects intuitively a bout propellant lon-zevity, i.e.,

;r1opkclifnt lifc is en~hancd When

I L propellant is Used for operational miaintena ne and configuration change

urhi t idjL1';tS
2 the no minal sebninlajor axis is increased

3. l,, thruster specif'ic. impulse is increased

4. like drac coefficient and satellite cross sectional area are decreased

Tm tlnmc ~ lei density is decreased

\1'0\1, H [ILLYt lL( REASIN(G DENSITY

i-ii i imopliberic enm?5tV model] is 11seml thaft assmmmm imr Ilime dem)sit\

-'I ~ hr lm't;mri r tIrmn t~me center of the earth and xairwe, cxpotnemtiali\

mm 1 m~Owm torin
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cc r,. I,, dKu x itmcc 'raiN :hc artli ckfltcr. Is thi crst\ 3

Ll I L %C

+9

I2I

~~h0' 1Ii't fC~ +iih cIslldj j~.,,~iCIC)Thtki uht~1: c k

-rr' x.( m " 1:: , -



NSWC TR 83-243

t-',n 4 ) :,o) be substitutcd into the PLL to iiej

- N iM+ Nl ~ ~7CA W)p e;p[- iaicJ I,(W.ale.
N ~ Isi '. ip~ 1).I I

.ilt Mlph iiJ tiol of0 t his eXpreSionl is ii ilt ex\cept for tic casec where N 1.I

*~~!I 'lLldtl0f (241. onek finds thit

iti

C 6j*l' , ((3jae) + c I~ (O3c)J

t11'a thle PHI. hceonie\)

ALA - 'A WV I a 1, expljOael

CIA 6/p 1l, [Ifa)+ e 1(fae)J + t 38,

.:\te ->ion also ;uhstan tiates the five poin ts concerning propellant lifbe enhancemnen t t hat

~eiv~e eaflir.It shoul,1d be no0ted that E( aion, (38) reduces toth elt
it ii im I when tite eccentricity is zero, since

PPOPI LL \N'T CONSUMPiTION IN 'AN OB3LATE ATMOSPHERL
M I II IAY-Ml-NIGI-Ir INSIIFY VARIA-] ION

ii a 1,11 c x wl)5 ( I I' Lcl~l)Likd to 0 . II0l I i 10 1Wl im I

PO~d I" h~l f 1) 0 .,11 M 10SI M',' Wit
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* An analytic t'orm tbr the atmrospheric density call be obtained by .ornin u the:

oblate atmosphere form Used by Cook. in-Hele, and Walker' kith tiat of' an at mo,,phcrc

*With diurnal variation diSCuIssed hv Cook and Kine-llele2 . The reSu.ltingl f"orml b'r the dcrmi tv

is given by

p =po (1I Fcoso) exp I- (r - 0)] (40)

where p" is a ref'erence atmospheric density of' the form

-o -1 (P~max + p.i) (41)

Pmax - mi
F (4 2)

Pinax + m i

* If1- (43)

- e sil' sin' LI

P rE sinl'i sin(Aw

coso A [c s -l + BK - )4~15)
Llecos ~e eCosE

III the list t'our eq uations, pn,. and p.are thle maximum1.1 dlay timeC and minm i nit

time dens ities, respectively. H] is the density scale height: i and w are thle orbital inclination

Xidm--,mict ,"perigee, respectively, Li ( + 0, where 0 is the true anomaly) and E are
tht: Irue arlen nicilt of' latitude and eccentric a -omaly. respectivel\ E is the earth's ellipticity:

I, h c erigeal radis:. and

A ,11 6 sinl i Sinl w + Cos 6 j o ( 2 u )cO , o n ( 2 - ) i

It ItI

2, P. r. . 0 1 Kir. Ii. Irq t ' 1w4I2,.I*~u'' I 5.r' 33 67, 1,65
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Miwcre u and 6 are the right ascension and declination of' the atinosphecric diurnal bulge.

* re spectively, and S2 is the right ascension of the ascending node of the satellite orbit.

Equation (44) may be expanded to first-order in e to give

a =r [I + V2 E sin 2 i (cosu -cos2w)I (48)

Similarly. Equation (45) may be expanded to first-order in e to give

Cos =A(cosE -e + eCOS2 E) + B(sinE + esinEcosE) (49)

SubstitUting Equations (48) and (49) into Equation (40) and Using the relation

r =a( I c os E) (50)

allows the following tirst-order expression to be written for the atmospheric density:

p po I1 + FA(cosE -e + ecos'E) + FB(sin E + e sinE cosE)]
(5 1

exp O-~ae (I -cosE) + c cos 2u -c cos 2w

ec e rp sin 2 i (52)

V, (INLISMssd in Reterence 1 . c nay be treated as a sniall parameter of the samve Order ot'
wt,®a thme ccentricity. II H u. inl I Auatiom (5 1 .the f'ollowing expansion mnay he used:

2.
CpC COS 2LI ~~ + CCOS 2L+-L COS ..1 53
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* SohbtitUting EJUations (51) and (53) into Equation (18) and using the relations

- .cos E- e
0'. 0(54)

e eCos E

ran

=I - e2 ) sinEL

I - e cos E

* to elimate 0 to first order in e gives

2g A - (p)"" p( exp V gae -ccos2w 2 f J[lI + FA(cos E -e + eCOS2E)

sp0

-+ 1EB3sin 1- + e sinEcosE)l -[I + ccos2(co + E) -2ec sin2(w + E) sin E

+ - 2 +-C 2 cos 4(w +E)- ec sin 4(w +E) sin El
4 4

I + c ,:os L I Lxp [Oae cos ElI dE (56)

Whekn tiic inteurand of' this eqluation is multiplied, the result contains trigonometric terms
* tint art: expressihle aIs functions of' cos(nE). n = 0, 1, 2,.6. This allows Equation (56)

to he written in terms of' thle integral representation of' the Bessel function of thle first kind
11 i qaiirv anrutinient defined by

2n

I te =cos( nE) exp(O3ac cos EW)E (57)

0

*II!, ic ltmrw NID l)[ hr an ohlate diurnal atmosphere is

12
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TD Ab
zm - (ma)Y p expt- jPae c cos2 w1 (10 + ell) +

g 1s 0

FA i + -) (I + eI2 + - { [212 - e(I - 313)1 + FA [11 + 13 +

2el 4 1 cos2 w -- -FB (1 - 13) + 2e (12 - 14) sin2w + (58)

C
2  

.

--8-21 4- e(313 - 51s)1 + FA [(3 + is) + e (316 - 2 cos4 w +.

8- FB [15 - 31 + e[12 - 414 + 316 1 sin4

where the Bessel function argument gae has been suppressed for the sake of brevity.

This MDE could be introduced into the PLE at this point. However, due to its corn-
plexity and dependence upon solar position and the additional orbital parameters 92 and w.
little, if any, simplification could be introduced into the resulting analytic expression. It
shotuld be noted, nonetheless, that Equation (58) reduces to the form of Equation (34)
hwn oblateness and diurnal effects are neglected; i.e., when

A- 0

B'-

c -0

NUMERICAL EXAMPLES

Scoral numnerical examples that illustrate the types of analyses to which the MDF ,,
a in oblatc diurnal atmosphere may be applied are presented in this section. These examp!cs
were created using analytically modeled averaged variational equations 3 to represent the effects

I. 1. I liii arid R. L. Alford . "Semianalytic Theory for a Close-Earth Satellite," AIAA Journal of Guidance anl,

m ir 1ol. 3 J u. Iulv-Arriust %18 .pp. 304 31 1.

13
Il 
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of -copotential perturbations onl tile satellite motion through J4 . Theoretical expressions
fo r drag decay rates for a low-altitude satellite orbiting in an ablate diurnal atmosphere 4 were
used to model the natural drag decay phase Occurring between the time of propellant de-
pletion and reentry. The MDE of Equation (58) was used to compute thle propellant re-

-. qlinle nIl ts for orbit sustenance. Changes in orbit parameters occurring during orbit adjusts
were computed using results obtained from the Lagrange planetary equations when impulsive
velocity changes are assumed.' The quantities of propellant expended during an orbit adjust

Si%,,ere obtained from application of the "rocket equation."

The Jacchia 1960 model atmosphere was used for all density computations required
for both the MDE and the drag decay rates: i.e.. computation of the density p at the

Pm axdiurnal bulge location and the density Pm in diametrically opposite the bulge at the satellite's

osL Ilatinig perigee altitude. This model atmosphere describes the density variation with altitude
of an oblate diurnal atmosphere and accounts for the effects of density variation due to solar

activity via a dependance upon the solar flux F 1 0.7' It is not believed to be extremely
representative of the atmospheric density, but is computationally very efficient. Santora's method

- for dknst. scale height selection 4 was employed for both drag decay rate and MDE evaluation.

Fhc Following data were used to initialize the computations for each of the examples

a = 6756.205 km
= 0.009656113

1 = 94.999960

wo = 193.3874'
z 95.000150 (59)

%I = 156.61150

= 44019.987 Modified Julian Days

l = 230 sec

= 150 kg

\VI-RAGE IN-TRACK CONSUMPTION RATE PREDICTION

S( ,mttttatiins werc performed using the conditions of Equation (59) for F1 0.7 values

I .',. v; ()(J and 310 tiLIx units. Three ClA valCs of 2. X .0 kml2 1. x 10- 4 km2
. I < I{ 1 kin2 were atssu med. The average in-track consunption rate 01 was obtained

* \ i.hte )ra I'er tour ilop s in an Oblate Diurnal Atmosrhere," I A A Journal. Vol. 13, September 1975, pp. 1212

Sr,, l,, r:,,,O rhit Parametcr (hanger Prodtied by bnpulxiie Thrusting with Alication to Orhit Adutlsgn for
V. . . wr// I n r 0i0t I)rhits. NSW(/1)L I R 83-31 (I)ahlgrcn. Va., Iehurar) I 983), pp 34.

14
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for each F,,.7 and C DA combination by dividing the 150 kg of propellant consumed by the

time required for its consumption (i.e., the length of time the orbit was sustained). The

rk'suzlts are presented in Figure 1. It should be noted that those rates are representative onily

of those required for sustenance of the orbit described by the elements of Equation (59-)).
since prereentry drag decay phases are not included.

4

C 0 A - 2 10- km 2

3-

02-

C DA 1 10-' km 2

SCD A 5 10 - 5 kml

0 I I
0 100 200 300 400

F10 7 IFLUX UNITS)

FIGURE 1. AVERAGE IN-TRACK PROPELLANT CONSUMPTION

RATES 63' AS A FUNCTION OF SOLAR FLUX CON-

DITIONS AND SATELLITE DRAG CHARACTERISTICS

SAMPLE FLIGHT PROFILE TRADE-OFF ANALYSIS

('Consider the following scenario: "A satellite mission is ordinarily constrained to operate

in xn orbit described by the parameters of Equation (59) until its propellant is depleted.

At which time it deorbits hy natural drag decay. After orbital insertion, it becomes apparent

tlit it will likely he necessary to take measures at sometime during the mission to extend

* tile inision length for as long as possible." The MDE can be applied to the situation dc-

picted hy this scenario to provide estimates of the propellant and orbital lifetime trade-off"

tIai ex st.

.. 15

qIS
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R,,llt, .11u' preu,,nted Ior the special case where the ,emunajor axis is increased 30 ki

S I rt .1ik apo,'cc thrust at ',olnc tillC during tie lMie i,ion and the satellite deorbits by

. riL, dcxa . A representati e flight profile i, presented in Fig-ure 2. T, desired data

L 100dO and C A = I. x 10-' ki and are shown in Figure 3.
111 ,'1, t11,' 1,11,:., in the: propellan~t hongcxit. and the increase in total mission life are plotted
.I Z M 1 1, 1-, r'Wtttil 111111bcr during2 wahic.h tile orbit adjust wvas, perlornied. For example,

Sil, ,:di it ,, pcrtorijied on re% 4w0o there would be no change in the propellant longevity
W1 t, ii 1 ) adjut Was performed. PhC mission life would also be extended by 190 days

II,-dccr in the drag decay rate obtained b\ operating at a higher altitude.

iz 2

L:

ORBIT -TRAG DECAY

AOJUST PHASE

- 'MI -MI

EIGURL 2. REPRESENTATIVE FLIGHT PROFILE
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FIGURE 3. IMPACT OF ORBIT MODIFICATION UPON
PROPELLANT AND MISSION LIFETIMES

SUMMARY

T1he propellant longevity equation has been derived in both its Cont11iuOLus and discreet
f'orms and expressions t'or the mass decrement equation in spherically syvmmetrical and oblate
d itrnal atmospheres have beenI deVelopeCd. The mass decrement eq niation for an iobla te i nil-
at mosphere has been 3applied to the discreet formn of' the propellant longevity equition to

provide several numerical examples that illustrate their applicability to the solutloln of' certail
miission planning problemis.
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